Abstract. The basic error estimate for the discontinuous Galerkin method for hyperbolic equations indicates an O(h n+ 1 2 ) convergence rate for nth degree polynomial approximation over a triangular mesh of size h. However, the optimal O(h n+1 ) rate is frequently seen in practice. Here we extend the class of meshes for which sharpness of the O(h
Introduction
The discontinuous Galerkin (DG) method for partial differential equations dates back to the work of Reed and Hill [5] and Lesaint and Raviart [3] , who viewed it as a method for solving first order scalar hyperbolic equations over finite element meshes. The problem they considered was of the form:
in Ω, u = g, on Γ in (Ω), (1) where Ω is a 2-dimensional polygonal domain and α (a vector) and β are constants.
The inflow boundary of Ω, Γ in (Ω), is characterized by α · n < 0 where n denotes the unit outer normal (with Γ out (Ω) characterized analogously).
Let {τ h } be a quasiuniform family of triangulations of Ω with characteristic triangle diameter denoted by h. In each triangle T ∈ τ h , the corresponding nth degree DG approximation u h ∈ P n (T ) is defined by
Here ( , ) T denotes the L 2 (T ) inner product, s denotes arclength, and u ± h (x) = lim →0 + u h (x ± α). As initial data, we take u − h to be the L 2 projection of g into an nth-degree piecewise polynomial on Γ in (Ω). The method is explicit, allowing u h to be computed triangle by triangle, or in parallel within layers of triangles, in accord with domain of dependence requirements.
The norms in the above estimate are those on L 2 (Γ out (Ω)), L 2 (Ω), and H n+1 (Ω), respectively. Here and in what follows, C indicates a generic positive constant, independent of u and h.
The estimate (3) predicts an O(h 1/2 ) gap from the optimal rate of convergence. In practice, however, the optimal O(h n+1 ) rate is frequently observed, even for computational meshes having no particular uniformity. See for example [6] , in which computational results are given for random perturbations of uniform meshes.
In previous studies of this effect, the question of mesh alignment has played a prominent role. In general, u h propagates from triangle to triangle across edges that are not aligned with the characteristic direction. A characteristic mesh line cutting through Ω will divide it into subregions in which u h evolves independently, thus limiting crosswind effects. A proof of O(h n+1 ) convergence, requiring u ∈ H n+2 (Ω), was given in [6] for an "almost uniform", nonaligned mesh with triangle sides bounded away from the characteristic direction. With these assumptions, the error generated in each layer of triangles is damped exponentially as u h evolves through subsequent layers, leading to the optimal rate. Recently, Cockburn, et al. [1] derived an optimal order estimate, requiring only u ∈ H n+1 (Ω), for a special mesh in R d consisting of simplices having one outflow face. For d = 2, such a mesh can be constructed by arranging triangles along characteristic mesh lines with O(h) spacing.
That (3) is indeed sharp, even for infinitely smooth exact solutions, was demonstrated computationally by Peterson [4] using piecewise linear approximation on a simple example problem. The triangulation employed in [4] was uniform, except for a set of characteristic mesh lines spaced at O(h σ ) intervals, σ ∈ [0, 1]. The optimal O(h 2 ) convergence rate for linears was observed for σ = 1, in a similar vein to the theoretical result in [1] . However, taking σ = .75 as h → 0 produced order h 1.5 convergence, as predicted by (3) . It was also observed that when the characteristic direction was altered slightly, taking it out of alignment with the mesh, the optimal rate was restored. In view of the results in [4] and [6] , it is natural to ask whether an optimal order estimate might be derivable for fairly general nonaligned meshes.
In this paper, we show that the additional assumption of a nonaligned mesh is not sufficient to guarantee an O(h n+1 ) convergence rate, even for smooth solutions u. For a simple example problem essentially the same as Peterson's, but with a nonaligned mesh, we show theoretically (for n = 0) and computationally (for n = 0, 1, 2, 3) that an L 2 convergence rate of order h n+1/2 is realizable. The key factor determining the order of convergence in our example is the distribution of frequencies present in the error as h → 0.
The basis of our example is a smoothly, periodically varying mesh which induces corresponding sinusoidal error components in the DG approximation. This enables us to direct the error, to a maximal extent, into lower frequency modes which are approximated, as opposed to damped. Such modes persist as the computation proceeds, creating the possibility of h n+1/2 convergence. As n increases, the range of mesh frequencies for which our example shows suboptimal order convergence is confined to an increasingly narrow, high frequency band. More specifically, if the wavenumber of the mesh perturbation is p, our example gives h n+1/2 convergence for p approaching infinity in proportion to h
). An outline of the paper is as follows. In §2, we describe our example problem and mesh. Then in §3, we give a simple closed form representation for the corresponding DG approximation u h and its error. In §4, we prove that for n = 0 a convergence rate proportional to √ h is achievable, indicating sharpness of (3) for our example. In §5, we provide computational results for n ≤ 3 and infer a general formula, valid for n ≥ 0, for the order of convergence achieved by our example problem. Finally, we provide an analytical interpretation of this formula in §6.
Example problem
For our example problem, we use the following simplified version of (1) with
whose solution is u(x, y) = x n+1 for (x, y) ∈ Ω. The n = 1 version of (4) on the unit square was the basis of the results in [4] .
To define our mesh τ h , we start with a uniform discretization of (−∞, ∞):
where h = π N . We assume N = pq, where p and q are positive integers, and define a periodically perturbed set of grid points {x i } by
A single period of the perturbation extends from x i to x i+2q and spans a distance ∆x = 2π p . As grid points over y ∈ [0, π], we take
In the strip (−∞, ∞) × [y j−1 , y j ], we obtain our triangles by connecting all triplets
.. An illustration of the resulting mesh τ h is given in Figure 1 . It is easy to verify that τ h is quasiuniform. For
Thus the triangles in the mesh have width
Moreover, along the triangle sides, with unit outer normal n,
Therefore all triangle sides are uniformly bounded away from the characteristic direction.
In the next section, we will see that the error e ≡ u − u h is 2π p -periodic in x. Taking norms in a manner that reflects the periodicity of e, we define Our goal will be to show that p and q can be chosen to make |e
e Ω ∼ h n+1/2 , establishing the sharpness of (3) for nonaligned meshes.
Here and in what follows, we use the symbol ∼ to indicate quantities bounded both from above and below. For example, |e
. Although the domain of (4) is unbounded, the conclusions of this paper also apply to bounded domains. This can be seen, for example, by restricting Ω tõ Ω = {(x, y) | |x| + y < 2π, y ∈ (0, π)}, a trapezoid with 45-degree base angles and parallel sides of length 4π, 2π, and taking as mesh points {(
From domain of dependence considerations, it follows that the corresponding DG solutionũ h is the restriction toΩ of the DG solution to (4).
Closed form solution
We begin our analysis by considering a minor generalization of (4):
, the DG approximation u h for (6) evolves, in parallel, through alternate layers of one-inflow-side (type I) and two-inflow-side (type II) triangles. We denote by u − h,j the restriction of u − h to the mesh line y = y j , and similarly for the error e
. We denote by P j the corresponding L 2 projection into this subspace, and define
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Lemma 3.1. The DG approximation for (6) satisfies, for
where empty operator products (e.g., in (8) for j = k) are interpreted as the identity.
p -periodic and
. It is easy to see that for a type I triangle T ,
for type I triangles. We can develop a corresponding result for type II trangles T by taking v h in (2) to be an arbitrary polynomial p n (x) of degree ≤ n, which gives
Assuming x ranges from x i to x i+2 on T , we have
Note that for a type II triangle, u − h,in is a piecewise polynomial while u − h,out is a single polynomial. Thus for type II triangles,
where
whose solution is (7).
Recasting (12) in terms of the error e = u − u h , we obtain
If u 0 = x n+1 , then j is a scalar multiple, dependent on subinterval size, of the n + 1st degree Legendre polynomial mapped to the subintervals of y = y j . Therefore, j will have period (14):
where we have used the standard approximation theory estimate
This proves (9), and its alternate form (10).
We may think of j = (I − P j )u 0 as the y = y j contribution to the error in u h ; its effect at level k > j is given by P k · · · P j+1 j . If these subsequent projections of j always damp their arguments by a factor λ ≤ c < 1, then (8) represents a geometric sum and optimal O(h n+1 ) convergence will occur, as in [6] . An illustration of j is given in Figure 2 for our example problem (4) with n = 0. Note that j is dominated by high frequency (wavelength ∼ h) components-these will be damped as u h evolves through subsequent levels. However, j is a 2π p -periodic function, a result of the mesh oscillation; therefore, it also contains lower frequency components of wavenumber ∼ p. For an appropriately related p and h (equivalently, p and q since h = π pq ) these modes will be approximated, as opposed to damped, by subsequent projections, resulting in a suboptimal order of convergence. In the next section, we will show how to produce √ h convergence for n = 0 via this effect, thus demonstrating sharpness of (3) for our example problem with piecewise constant approximation.
Analysis for n = 0
We now restrict our attention to the case of piecewise constant approximation of (4) with n = 0. A straightforward calculation shows that j contains a lower frequency component with wavenumber ∼ p and amplitude ∼ ph 2 . However, it is more illuminating to examine j after it has undergone one subsequent projection, whereupon this lower frequency component has been "extracted" from j . That is the content of the following lemma. 
where t is the inverse image of x under ψ, and δ 1 (t) = sin pτ i − sin pt. Extending the definition of δ 1 (t) to t ∈ (−∞, ∞) in the obvious way, we obtain (15).
Before proceeding further, we note that q = 1 (one subinterval per mesh period) is a degenerate case for this lemma. It gives ψ(t) = t for (5). Thus ψ = 0 in the preceding proof, implying P j+1 j = 0, e − k = k in (8), hence optimal order convergence.
We next show that for p ≤ O(h −1/2 ) as h → 0, P j+1 j will be approximated, and thus persist, when subsequent projections P j+2 , ..., P N are applied, leading to a suboptimal convergence rate. Proof. The effect of j at a subsequent level k > j is given by
Applying (10) over Ω ∩ (y j+2 , π) with initial condition u 0 = sin pt on y = y j+2 , and using the fact that | sin pt| 1 ≤ Cp (since H 1 -norms with respect to x and t are compatible), we obtain for k > j, , we may choose µ small enough to ensure that |δ 4 
It follows from (8) that
Next we obtain an interior estimate for e = u − u h , a piecewise linear for our example with n = 0. For a type I triangle T , it follows from (11) and scaling that
(c, C positive constants), while for a type II triangle T , it is easy to show (see for example [6] ) that e 
Therefore, ch|e
This desired interior estimate, e Ω ∼ h 1−σ , follows from (18) and (19).
As yet, we have said nothing about the convergence rate of u h for our example problem in the case where p = µh −σ , σ ∈ ( Referring to (8), we observe that the error components P k · · · P j+1 j are in S h,k . More specifically, P j+1 maps j into S h,j+1 , while for l ≥ j + 2, P l maps an operand in S h,l−1 into S h,l . Focusing on the latter effect, we define |P l | = max w∈S h,l−1 ,|w|=1 |P l w|. Here |P l w| measures the extent to which w ∈ S h,l−1 can be approximated in S h,l . Since S h,l−1 ∩ S h,l = {0}, |P l | < 1 and the error components in (8) are damped as the computation progresses. We quantify this damping as follows.
Lemma 4.2. As a map from S
where γ is a positive constant, depending only on the mesh parameter θ.
Proof. Without loss of generality, we will show this for P 1 , as a map from S h,0 to S h,1 . The mesh points of
and define a continuous piecewise linear v h over the combined mesh
and
We assume the former, without loss of generality for our purposes, and apply the arithmetic-geometric mean inequality in the form
where (via a Fourier series expansion) the minimum over S ∩ H 1 [−π, π] occurs for v a nonzero linear combination of cos px, sin px; equivalently, the complex functions e ±ipx . Note that the above separation result holds for any set of 2π p -periodic grid points x i , not just our particular ones.
Taking v h,1 = P 1 v h,0 , we obtain
8 .
The desired bound now follows from the quasi-uniformity of the mesh.
We show next how (20) leads to an estimate of the convergence rate for our example problem for the full range of possible σ values. 
Proof. We express our bound (20) in the form
Applying (8), (15), and (22), we infer that the error for our example problem satisfies
From (22) and the fact that N = π h , we have λ
Thus as h → 0, we have
where µ is assumed to be sufficiently small if σ = 1. We conclude from (23) and
. These bounds also apply to u − u h Ω via (19).
For σ ∈ [0, 1 2 ], this estimate is consistent with that of Theorem 4.1; therefore, it is sharp for σ in this range. In addition, our computational results (next section) suggest that it is also sharp for σ ∈ (
It is instructive to consider the DG approximation for (6) with the given mesh, p = µh −σ , and (h-dependent) initial condition u(x, 0) = e ipx . As h → 0, we have for the corresponding DG approximation u h :
. The first part of (26) is a straightforward consequence of the basic estimate (3) or (10). The second part (since P 0 e ipx ∈ S h,0 ) is implied by |u
lies at the threshold between approximation and exponential damping of e ipx . Returning to our example problem (4) with u(x, 0) = x and referring again to (15), we see that the choice σ = 1 2 maximizes the size of the lower frequency portion of j while retaining its approximability as h → 0.
Computational results
In this section, we present numerical results for our example problem (4), discretized over the mesh defined in §2. Table 1 Tables 2 and 3 give analogous computational results for n = 1 and n = 2. For n = 1, optimal O(h 2 ) convergence occurs for σ ∈ [0, , as in [4] . For n = 2, we get optimal order convergence for σ ∈ [0, . A single formula which describes our observed orders of convergence is:
. As further validation of (27), we performed experiments with (i) n = 1, σ = 2 ). A plot of the orders in (27) vs. σ for n = 0, 1, 2, 3 is shown in Figure 3 . As n increases, suboptimal order convergence occurs for an increasingly narrow band of high frequency mesh perturbations centered about σ = 2n+1 2n+2 , which gives h n+1/2 convergence. Table 2 . Table 3 . 
Discussion
We now provide an analytical interpretation of the order formula (27) for arbitrary n ≥ 0.
For our example problem (4), the quantity j = (I − P j )x n+1 is dominated by high frequency (wavelength ∼ h) components. However, it will also have a lower frequency component w of wavenumber ∼ p for which
By estimating the cumulative effect of such error components w, we can offer an explanation for (27). By (10) and (28), the effect of w at a subsequent level y = y k is
If, as before,
, and we can ensure that
Thus for σ in this range, w will be approximated at subsequent levels, not damped, as h → 0.
We next estimate the size of w. We have
Hence, applying (28),
We denote by E w the total contribution of all error components w to the outflow boundary error |u−u
Moreover, if (29) is sharp and the error components w add to, rather than cancel one another, both of which are true for n = 0, then this estimate for E w is sharp.
To extend the analysis to σ ∈ (
as before, and S (n) h,j the intersection of S with the space of piecewise nth degree polynomials (in general discontinuous) over the subintervals of y = y j . Our computational results suggest that P j , viewed as a map from S . This is consistent with our observed formula (27) and describes what we believe to be the mechanism for its occurrence.
Our analysis shows, in essence, how the first several terms of the Fourier expansion of j in terms of {e ikpx , k = ±1, ±2, ...} can account for the region of suboptimal order convergence that occurs for our example problem. We have also performed some computations for 2π p -periodic grid points {x i } with a jump discontinuity in subinterval size, and observed h n+1/2 convergence for σ = 2n+1 2n+2 , as in the case of our smoothly varying mesh, but a larger range of σ values giving suboptimal order convergence. Our results for n = 1 are similar to those reported by Peterson [4] . For a discontinuously varying mesh, the Fourier coefficients of the lower frequency portion of j can be shown to decay more slowly with k, allowing a broader spectrum of Fourier modes to influence the order of convergence.
We state, in conclusion, that a nonaligned mesh is not the key to an improved rate of convergence over the h n+1/2 estimate in (3). Our analysis and computational results show that an h n+1/2 rate is achievable for a periodic mesh which generates, to the maximal extent, lower frequency error components which are approximated, not damped, as h → 0.
